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ABSTRACT 
 We investigate the effect of dissipation on adiabatic nano-focusing of surface plas-
mons in a sharp metal tapered rod. Three distinct patters of nano-focusing and local field en-
hancement are predicted at different levels of dissipation and/or taper angles. Critical struc-
tural parameters and asymptotic behavior of the field near the tip are analyzed.  
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 1. Introduction 
 One of the major directions of research in modern photonics and nano-optics is related 
to the theoretical, numerical, and experimental investigation of strongly localized plasmons in 
metallic nano-structures. This is because these waves and structures offer unique opportuni-
ties for design of new optical devices and waveguides with sub-wavelength localization [1-
14], high-resolution near-field optical microscopy [2,15-22], and strong enhancement of the 
local plasmonic field resulting in such non-linear effects as second harmonic generation [23], 
surface-enhanced Raman scattering [22,24-26], etc.  
 One of the main problems in modern nano-optics is related to effective concentration 
and delivery of electromagnetic energy to nano-scale regions. This is especially important for 
imaging and diagnostics with nano-scale resolution (in near-field microscopy and spectros-
copy), efficient coupling of light into and out of nano-optical interconnectors and devices, 
electromagnetic probing of separate molecules and quantum dots, non-linear plasmonics, etc. 
This problem is currently resolved by using plasmon nano-focusing in metal nano-structures 
[19-22,26-32]. These include sharp metal tips [19,20,22], dielectric conical tips covered in 
metal film [15-18,30-32], pyramidal tips covered in metal film with a nano-aperture [33], 
nano-particle lenses [23,26], sharp V-grooves and nano-wedges [27-29], etc.  
One of the typically used structures for plasmon nano-focusing is either a dielectric ta-
pered rod covered in metal film [15-18,30-32], or a tapered metal rod [19,20,22]. As has been 
demonstrated in [20], if the taper angle of the metal rod is sufficiently small, the conditions 
for the adiabatic regime of nano-focusing can be satisfied [20]. In this case, the plasmon adia-
batically slows down as it comes closer to the tip of the rod, and both the phase and group ve-
locities of the plasmon tend to zero asymptotically near the tip (in the approximation of con-
tinuous electrodynamics) [20]. During adiabatic nano-focusing, the plasmon does not experi-
ence noticeable reflections from the tip, and its amplitude (electric field) rapidly increases 
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with decreasing distance from the tip [20]. All these features make the sharply tapered metal 
rods highly attractive for observation of non-linear effects in plasmonics, concentration of 
electromagnetic energy into regions far beyond the diffraction limit of light [19,20,22], intro-
ducing light into nano-plasmonic circuits, near-field microscopy and surface-enhanced Raman 
spectroscopy [24,25], etc.  
Though the theory of adiabatic nano-focusing developed in [20] involves dissipation 
in the metal cone, there has been no detailed and consistent analysis of the effect of different 
levels of dissipation on nano-focusing and local field enhancement. Therefore, it is not clear 
to what extent the results obtained in [20] are relevant to different types of metal tips. How 
the local field enhancement will depend on, for example, increasing dissipation in the metal? 
Are there any critical structural and material parameters that would prevent strong local field 
enhancement from occurring in the tapered nano-rods? These questions are highly important 
in practice, because permittivity and dissipation in different metals may noticeably vary. 
Moreover, even the same type of metal may be characterized by significantly different levels 
of dissipation, depending on fabrication processes. This is only the detailed knowledge and 
understanding of the effect of different levels of dissipation on adiabatic nano-focusing in ta-
pered metal rods, that will enable optimal design of metallic nano-structures (tapered rods) for 
achieving strong local field enhancement for the above-mentioned applications in nano-optics.  
Therefore, the aim of this paper is to conduct theoretical and numerical analyses of the 
effect of different levels of dissipation in the metal on plasmon nano-focusing in sharply ta-
pered metal rods. In particular, it will be demonstrated that for every taper angle there exist 
two critical levels of dissipation (critical values of the imaginary part of the metal permittiv-
ity), and for every level of dissipation there exist two critical taper angles. These critical val-
ues of dissipation and taper angle determine significantly different regimes of nano-focusing 
in the tapered rod. For example, it will be shown that if the imaginary part of the metal per-
mittivity is below both the critical values, then the electric field in the plasmon asymptotically 
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tends to infinity near the tip (in the approximation of continuous electrodynamics). Otherwise, 
the electric field of the plasmon near the tip tends to zero.  
2. Adiabatic approximation for nano-focusing 
The analyzed structure is presented in Fig.1. A tapered metallic rod with a taper angle α and 
complex permittivity εm = e1 + ie2 is surrounded by a lossless dielectric medium with permit-
tivity εd. The coordinate axes are shown in Fig. 1.  
 
Fig. 1. A metal rod with the taper angle α and permittivity εm = e1 + ie2 (e1 < 0, e2 > 0), surrounded by 
a lossless dielectric material with the real and positive permittivity εd, q is the wave vector of the TM 
surface plasmon propagating towards the tip of the rod, (x,y,z) and (r,ϕ,z) are the Cartesian and cylin-
drical systems of coordinates.  
 
It has been shown that the TM surface plasmon (with the magnetic field in the ϕ-
direction – Fig. 1) can exist at arbitrarily small diameter of a metal rod [4]. The smaller the 
diameter of the rod, the stronger the lateral localization of the TM plasmon to the rod (in the 
(x,y)-plane – Fig. 1). The wave number of such a plasmon tends to infinity as the rod diameter 
decreases to zero [4]. Therefore, if the TM plasmon propagates towards the tip of a sharply 
tapered metal rod, it may experience nano-focusing with gradually increasing localization, 
i.e., concentration of its energy in progressively smaller regions of the cross-sections parallel 
to the (x,y)-plane [19,20].  
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If the taper angle is sufficiently small, then the TM plasmon does not experience no-
ticeable reflections from the taper, and this corresponds to the adiabatic (or WKB, in the ter-
minology of quantum mechanics) regime of nano-focusing [20]. This occurs when the varia-
tions of the wavelength of the TM plasmon, due to changing diameter of the tapered rod, are 
negligible within one plasmon wavelength [20]:  
( )
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Here, Q1 is the real part of the wave number q of the plasmon: q = Q1 + iQ2.  
 Under the adiabatic approximation, the wave number of the TM plasmon, its localiza-
tion and field distribution are determined at each distance from the tip of the tapered rod, as-
suming uniform thin rod with the diameter corresponding to the local diameter of the tapered 
rod at the considered point. Thus the dispersion relation for the TM plasmon in the sharply 
tapered metal rod is approximately given as [4,20]: 
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is the reciprocal penetration depths of the plasmon into the metal rod and the surrounding di-
electric, respectively, k0 = ω/c, ω is the angular frequency, and c is the speed of light in vac-
uum. K0 and K1 are the modified Bessel functions of the second kind, and I0 and I1 are the 
modified Bessel function of the first kind.  
The dispersion relation (2) is solved for the complex wave number q = Q1 + iQ2, thus 
determining that plasmon localization, phase and group velocities, and dissipation (the latter 
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is given by Q2). The dependencies of the electric field amplitude in the plasmon on distance 
from the tip of the tapered rod are then determined using energy conservation and the method 
described for nano-focusing of the gap plasmons in a V-groove [27].  
Namely, using Eq. (2) and the standard boundary conditions at the rod interface, we 
determine the distributions of the electric and magnetic fields in the plasmon at an arbitrary 
distance z from the tip of the rod. Assuming that the amplitude of the plasmon is known at 
this point, we then find the Poynting vector in the plasmon, average it over the wave period, 
and integrate over r from 0 to + ∞ and over ϕ from 0 to 2π. This gives the overall energy flux 
in the plasmon at the selected distance z from the tip. As the plasmon propagates from the 
point z to a point z – dz towards the tip (Fig. 1), the overall energy flux should reduce by the 
amount of energy dissipated in the metal within the distance dz. This amount is determined by 
the imaginary part of the wave number Q2. Thus the overall energy flux in the plasmon is de-
termined at the point z – dz. Finally, using the relationship between the overall energy flux 
and the plasmon amplitude for the local diameter of the rod at the point z – dz, we determine 
the plasmon amplitude at the point z – dz (for more detail see [27]). This procedure allows 
determination of the plasmon amplitude at the point z – dz (closer to the tip), if it is known at 
the point z (further away from the tip). Then, using the same procedure, the plasmon ampli-
tude can be found at the points z – 2dz, z – 3dz, etc. Thus we have the numerical algorithm for 
the determination of the dependencies of the plasmon amplitude (e.g., the amplitude of the 
electric field) on distance to the tip of the tapered rod in the adiabatic approximation.  
For simplicity of calculations, we also assume weak dissipation in the rod, i.e.,  
e2 << |e1|,  Q2 << Q1.         (4) 
Though these are not essential conditions for the applicability of the presented calculation 
procedures, strong local field enhancement that is one of the major aims of nano-focusing can 
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be achieved only if dissipation is relatively weak. Therefore, inequalities (4) appear to be the 
natural conditions under which nano-focusing should be considered in practice.  
3. Local field enhancement 
The main aim of this paper is to investigate the effect of different levels of dissipation 
(different imaginary parts of the metal permittivity) on local field enhancement during plas-
mon nano-focusing in tapered metal rods. Therefore, in our analysis below, we will keep the 
real part of the metal permittivity e1 fixed, while e2 will be changed to represent different lev-
els of dissipation in the rod.  
Fig. 2 shows the typical dependencies of the square of the amplitude of the electric 
field ⎪E⎪2 = ⎪Ez⎪2 + ⎪Er⎪2 at the surface of the tapered metal rod on distance to the tip of the 
rod for different values of e2. The vacuum wavelength λvac = 632.9 nm, and the taper angle α 
= 3°. The real part of the metal permittivity e1 = – 16.1, which corresponds to silver at the in-
dicated wavelength [34]. All the curves start from the same point on the vertical axis (i.e., the 
same initial value of ⎪E⎪2 that has been arbitrarily chosen to equal 10 units at 25 μm from the 
tip – Fig. 2).  
One of the major conclusions from Fig. 2 is that, as expected, dissipation has a drastic 
effect on local field enhancement during nano-focusing of plasmons in a cylindrical tapered 
metal rod. Indeed, at the distance of 100 nm from the tip, the local intensity of the electric 
field reduces ~ 5 orders of magnitude, if e2 is increased from zero to 3 (Fig. 2). Therefore, 
proper consideration of dissipation during plasmon nano-focusing is essential for the devel-
opment of the mentioned practical applications in near-field optics, sensor technology, non-
linear plasmonics, etc.  
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Fig. 2. The dependencies of the squared amplitude of the electric field ⎪E⎪2 = ⎪Ez⎪2 + ⎪Er⎪2 at the sur-
face of the tapered metal rod at four different values of e2: (1) e2 = 0, (2) e2 = 1, (3) e2 = 2, (4) e2 = 3. 
The vacuum wavelength λvac = 632.8 nm, εd = 1 (the tapered rod is surrounded by vacuum), e1 = – 
16.1 (corresponds to the permittivity of silver at the considered wavelength [34]), and.  
Figs. 3a,b demonstrate the effect of different taper angles on local field enhancement 
of the electric field in the plasmon. The real part of the metal permittivity is the same as for 
Fig. 2, as well as the permittivity of the surrounding dielectric, and the vacuum wavelength. 
Similar to Fig. 2, all the curves in Figs. 3a,b start from the same point on the vertical axis (i.e., 
from the same initial value of ⎪E⎪2 that has been arbitrarily chosen to equal 10 units at 25 μm 
from the tip).  
Figs. 2 and 3a,b demonstrate that at large distances from the tip of the rod, the plas-
mon amplitude decreases with decreasing distance to the tip (i.e., along the direction of plas-
mon propagation). This is expected, because at large values of z the rod diameter is large and 
the plasmon becomes nearly identical to the plasmon on a flat metal surface. Such a plasmon 
obviously experiences dissipation in the metal, which results in decaying its amplitude along 
the direction of propagation (i.e., along the negative z-direction – Fig. 1). The same reasoning 
suggests that nano-focusing effects at large distances from the tip of the rod are negligible. 
However, as the plasmon propagates closer to the tip, the diameter of the rod decreases, and 
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the wave number of the plasmon increases [20]. This results in stronger localization of the 
plasmon, compared to the localization on the flat surface, and thus stronger energy concentra-
tion near the rod (nano-focusing effect). As a result, the plasmon amplitude tends to increase 
with decreasing distance from the tip [20]. Therefore, there are two opposing mechanisms – 
dissipation in the metal and local field enhancement due to nano-focusing.  
 
Fig. 3. The dependencies of the squared amplitude of the electric field ⎪E⎪2 = ⎪Ez⎪2 + ⎪Er⎪2 at the sur-
face of the tapered metal rod for different taper angles α. The vacuum wavelength λvac = 632.8 nm and 
εd = 1. (a) εm = – 16.1 + i (permittivity of silver [34]) and (1) α = 0.5˚, (2) α = 0.7˚, (3) α = 0.8˚, α = 
1˚. (b) Same as for (a), but with higher dissipation in the rod: εm = – 16.1 + 3i and (1) α = 2.3˚, (2) α = 
2.5˚, (3) α = 2.6˚, (4) α = 2.7˚, and (5) α = 2.8˚. 
Decreasing taper angle results in increasing distance that the plasmon should travel 
along the rod between two fixed diameters. Therefore, the effect of dissipation on the plasmon 
 10
should increase with decreasing taper angle. Thus, local field enhancement must decrease 
with decreasing taper angle – see Figs. 3a,b. If the taper angle is sufficiently small, dissipation 
appears to have a dominant effect (compared to local field enhancement caused by nano-
focusing) at all distances from the tip of the rod, and the plasmon amplitude monotonically 
decays with decreasing z (curves 1 and 2 in Fig. 3a and curve 1 in Fig. 3b). As demonstrated 
by Figs. 3a,b, for every level of dissipation, i.e., for every value of e2, there exists a critical 
taper angle αc1 (and for every taper angle, there exists a critical value e2c1 of e2). If the taper 
angle α > αc1 (or e2 < e2c1), then at large z the amplitude of the electric field in the plasmon 
decreases as the plasmon travels towards the tip, reaches a local minimum, increases, reaches 
a maximum, and then monotonically decays to zero at the tip of the rod (curve 3 in Fig. 3a 
and curves 2 – 4 in Fig. 3b). This is because as the plasmon travels closer to the tip, the effect 
of nano-focusing in the form of local field enhancement increases and may become dominant 
over dissipation. This is the reason why the electric field in the plasmon stops decaying and 
then goes through a maximum at an optimal distance from the tip (curve 3 in Fig. 3a and 
curves 2 – 4 in Fig. 3b). This behavior is similar to that predicted for plasmons experiencing 
nano-focusing in a sharp V-groove [27] and metal wedge [29].  
If we cut out of the tapered rod the section between the local minimum and local 
maximum of the electric field (curve 3 in Fig. 3a and curves 2 – 4 in Fig. 3b), then this section 
will be the optimal structure for achieving the largest possible field enhancement in a tapered 
rod for the considered values of α and e2.  
Curve 4 in Fig. 3a and curve 5 in Fig. 3b demonstrate that for every value of e2, there 
also exists a second critical taper angle αc2 > αc1 (similarly, for every taper angle, there exists 
a second critical value e2c2 < e2c1). If the taper angle α > αc2 (or e2 < e2c2), then the amplitude 
of the electric field in the plasmon, after going through a local minimum, monotonically in-
creases to infinity (in the approximation of continuous electrodynamics), as the plasmon ap-
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proaches the tip of the rod (curve 4 in Fig. 3a and curve 5 in Fig. 3b). Thus the local maxi-
mum of the electric field can only exist if αc1 < α < αc2 (or e2c2 < e2 < e2c1). It is clear that in-
creasing imaginary part of the metal permittivity results in increasing values of αc1 and αc2. 
Similarly, increasing taper angle results in increasing e2c1 and e2c2. In addition, increasing e2 
also results in increasing range between the two critical taper angles αc1 < α < αc2.  
In general, if α < αc2 (or, equivalently, e2 > e2c2), then the amplitude of the electric 
field in the plasmon asymptotically tends to zero near the tip of the tapered rod, i.e., dissipa-
tion in the metal is dominant near the tip (curves 1 – 3 in Fig. 3a, and curves 1 – 4 in Fig. 3b). 
On the contrary, if α > αc2 (or, equivalently, e2 < e2c2), then the electric field amplitude as-
ymptotically tends to infinity at the tip, i.e., local field enhancement caused by nano-focusing 
is dominant near the tip (curves 1 – 4 in Fig. 2, curve 4 in Fig. 3a, and curve 5 in Fig. 3b). 
This is only if α = αc2 (or, equivalently, e2 = e2c2), that the electric field amplitude at the tip 
remains finite and non-zero. In this case, dissipation and local field enhancement cancel each 
other in the asymptotic region near the tip.  
That the electric field amplitude in the plasmon asymptotically tends either to zero or 
to infinity near the tip, if α ≠ αc2, follows from the linear asymptotic behavior of all the curves 
in Figs. 2 and 3a,b. Because these figures are plotted in the logarithmic scale, this means that 
the asymptotic dependence of the electric field amplitude on z must be as follows:  
⎪E⎪2 ≈ Cz-μ,   if z → 0,         (5) 
where C and μ are some constants depending on the structural parameters. Taking logarithm 
of this equation ln(⎪E⎪2) = – μln(z) + ln(C), we see that – μ is the slope and ln(C) is the inter-
cept of the linear asymptotic (at z → 0) dependencies in Figs. 2 and 3a,b.  
If e2 < e2c2 (α > αc2), then μ > 0, and the amplitude of the electric field tends to infinity 
at the tip. If e2 > e2c2 (α < αc2), then μ < 0, and the amplitude of the electric field tends to zero 
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at the tip. If e2 = e2c2 (α = αc2), then μ = 0 and the amplitude of the electric field at the tip is 
non-zero and finite (⎪E⎪2 = C). 
For example, for Fig. 3a (with εm = – 16.1 + i), we have: αc1 ≈ 0.7° and αc2 ≈ 0.8° – 
1.0°. For Fig. 3b (with εm = – 16.1 + 3i), αc1 ≈ 2.4° and αc2 ≈ 2.75°. It follows from here that 
if, for example, α = 2.75°, then e2c2 = 3. Similarly, if α = 2.4°, then e2c1 = 3, etc.  
 
Fig. 4. The same dependencies 1 – 5 as in Fig. 3b, but in the linear scale with zooming into the region 
with the local maximums. The additional thick dash-and-dot curve shows position and height of the 
local electric field maximums as functions of distance to the tip, when e2 varies from e2c2 (the highest 
point of the thick dash-and-dot curve) to e2c1 (the lowest point of the thick dash-and-dot curve). 
The thick dash-and-dot curve in Fig. 4 demonstrates how the local maximums of the 
electric field amplitude change in height and position, when the imaginary part of the metal 
permittivity e2 changes from e2c2 to e2c1 (recall that e2c2 < e2c1). In particular, it can be seen 
that decreasing e2 results in shifting the local maximum to the left (towards the tip), and at e2 
= e2c2 the local maximum is reached at z = 0 (i.e., at the tip of the rod) – Fig. 4. Thus, this 
maximum at e2 = e2c2 gives the only possible non-zero finite value of the electric field ampli-
tude at the tip for fixed metal permittivity and taper angle (see also above).  
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4. Conclusions 
In this paper, we have conducted the detailed numerical investigation of the effect of 
different levels of dissipation on local field enhancement during adiabatic nano-focusing of 
plasmons in sharply tapered metal rods. It has been demonstrated that typical levels of dissi-
pation in the metal may drastically reduce (by several orders of magnitude) the intensity of the 
local electric field at the surface of the tapered rod. Three different typical patterns of nano-
focusing and local field enhancement have been shown to exist in the tapered rod with dissi-
pation. The occurrence of these patterns is determined by two critical taper angles (if the 
imaginary part of the metal permittivity is fixed), or, equivalently, by two critical values of 
the imaginary part of the metal permittivity (if the taper angle is fixed). The analysis of the 
asymptotic behavior of the plasmon amplitude near the tip of the rod has demonstrated that 
the only case when this amplitude remains finite and non-zero at the tip is when the taper an-
gle is equal to the second (larger) critical angle, or the imaginary part of the metal permittivity 
is equal to its second (lower) critical value. In the approximation of continuous electrodynam-
ics, below the second critical taper angle (or above the second critical dissipation level), the 
plasmon amplitude near the tip asymptotically tends to zero, whereas above the critical taper 
angle (or below the second critical dissipation level), the plasmon amplitude asymptotically 
tends to infinity.  
The obtained results will be important for near field microscopy and spectroscopy, op-
timal design of optical couplers for most effective delivery of the electromagnetic energy to 
nano-optical devices, quantum dots, single molecules, for the development of new optical 
sensors and measurement techniques (e.g., based on surface-enhanced Raman spectroscopy 
combined with nano-focusing), etc.  
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